In quasi-static MHD, experiments and numerical simulations reveal that the energy spectrum is steeper than Kolmogorov's k −5/3 spectrum. To explain this observation,
I. INTRODUCTION
The liquid metal flows in fission and fusion reactors, and metal plate rolling and crystallization have very small magnetic Reynolds number Rm = U L/η, where U, L are the large scale velocity and length scales respectively, and η is the magnetic diffusivity. In this paper, we will construct several models to derive energy spectrum and flux for an idealized limit, called the "quasi-static limit", for which Rm → 0.
In the quasi-static limit, the induced magnetic field tends to be very small because of very large magnetic diffusivity, and it gets slaved to the velocity field that yields the Lorentz force as
where ρ is the density of the fluid, u is the velocity field, and B = B 0ẑ is the external uniform magnetic field. 1,2 The quasi-static approximation provides a major simplification since we do not need to solve the induction equation. The strengths of the Lorentz force and the external magnetic field are quantified using a nondimensionalized parameter called the "interaction parameter", which is a ratio of the Lorentz force and the nonlinear term.
Several experimental and numerical simulations have been performed to study energy spectrum of quasi-static MHD turbulence (see Knaepen and Moreau, 3 and references therein). Kolesnikov and Tsinober, 4 and Alemany et al. 5 performed experiments on mercury for low Rm, and observed that the energy spectrum for the velocity field follows k −3 scaling for significantly strong interaction parameters. A similar experiment by Branover et al. 6 on mercury showed energy spectrum -k −5/3 , k −7/3 , k −3 , k −11/3 -for different interaction parameters; the exponents below −3 were attributed to the generation of helicity in the flows. In an experiment on liquid sodium, Eckert et al. 7 observed the energy spectrum to
Many numerical simulations of the quasi-static MHD 3, [8] [9] [10] [11] [12] [13] [14] [15] show steepening of the energy spectrum with the increase of interaction parameter, similar to those seen in the experiments.
It has been observed that for large interaction parameters, the flow becomes anisotropic with the energy concentrated near the plane perpendicular to the external magnetic field. 8, 9, 12, [15] [16] [17] Recently, Reddy and Verma 8 performed simulations for interaction parameters ranging from 0 to 220, and showed that the energy spectrum is power law for 0 < N < 27, and exponential (exp(−bk)) for N ≥ 130. Ishida and Kaneda 11 studied the modification of inertial range energy spectrum for low interaction parameters, and proposed a k −7/3 scaling law. Burattini et al. 14 studied anisotropy in quasi-static MHD turbulence and also observed a scaling law different from k −3 for the energy spectrum.
To understand the numerical and experimental findings, in this paper we construct turbulence models for quasi-static MHD turbulence. Our model is based on the fact that the energy flux decreases with wavenumber due to the Joule dissipation. 18 For small interaction parameters, the turbulence is still isotropic to a large extent; our model provides the energy spectrum and energy flux for a given interaction parameter. For large interaction parameters, however, the spectrum is highly anisotropic and has an exponential dependence on k. We derive the energy flux and spectrum for this regime using variable energy formalism.
We show that our model results are consistent with the earlier numerical 8, 14 and experimental results. 6, 7 We also perform numerical simulations to validate our models. We remark that similar steepening of energy spectrum was observed by Verma 19 in two-dimensional turbulence with Ekman friction.
The organization of the paper is as follows. In Sec. II we describe the variable energy flux models for quasi-static MHD. Validation of the models using numerical simulations are discussed in Sec. III. Section IV contains conclusions.
II. THEORETICAL FRAMEWORK
The governing equations for the low-Rm liquid metal flows under the quasi-static approximation are
where u is the velocity field, p is the pressure field, B 0 is the uniform external magnetic field along the z direction, σ is the electrical conductivity, ν is the kinematic viscosity, and ρ is the density of the fluid. The corresponding equation in the Fourier space,
is very useful in analyzing energy transfers among modes. Here θ is the angle between the mean magnetic field and the wavenumber k (see Fig. 1 ). We define interaction parameter N as the ratio of the Lorentz force and the nonlinear term:
For large external magnetic field, N is large, and flow is strongly anisotropic.
The energy equation in the Fourier space is
where E(k) = |û(k)| 2 /2 is the energy spectrum, and T (k) is the kinetic energy transfer rate.
The second and third terms in the RHS are the dissipation rates due to the Lorentz force and the viscous force respectively.
A. Variable energy flux
For zero interaction parameter, which is the fluid (hydrodynamic) limit, the flow becomes turbulent when Reynolds number Re = U L/ν 1. In this regime, the energy spectrum exhibits the famous Kolmogorov's k −5/3 power law in the inertial range. For finite N , however, the Lorentz force induces an additional dissipation that leads to a modification of the energy flux. The variation of the energy flux due to this dissipation can be derived using the following arguments.
We assume that the energy spectrum is anisotropic due to the mean magnetic field, 8, 14, 17 and it is described using the ring spectrum E(k, θ), 14, 20 where k is the wavenumber of the ring, and θ is the angle between the mean magnetic field and the "average" wavenumber k of the ring, as shown in Fig. 1 . We model E(k, θ) as
where g(θ) describes the angular dependence of the energy spectrum. An integration of Eq. (7) over θ yields
Therefore,
For the isotropic case, g(θ) = const = 1. Due to Joule dissipation, the inertial-range energy flux Π(k) decreases with the increase of k. Quantitively, the difference between energy fluxes Π(k + dk) and Π(k) is due to the energy dissipation in the shell (k, k + dk), i.e.,
with
In the following discussion, we will construct two models: model A for small N 's for which the energy spectrum is still a power law but steeper than Kolomogorov's k −5/3 spectrum;
and model B for large N for which the energy spectrum is exponential. The energy spectra and fluxes for the two cases are derived self-consistently using Eq. (11).
B. Model A for small interaction parameters
In the present subsection, we describe a formalism of variable energy flux for small and moderate interaction parameters. Motivated by the experimental and simulation results, for this range of N , we postulate a power law for the energy spectrum. Specifically, we extrapolate Pope's shell spectrum 21 for the isotropic turbulence to the ring spectrum as
where C is the Kolmogorov's constant with an approximate value of 1.5, Π(k) is the energy flux emanating from the wavenumber sphere of radius k, and g(θ) is the anisotropic component of the energy spectrum. The functions f L (kL) and f η (kη) specify the large-scale and dissipative-scale components, respectively, of the energy spectrum:
where the c L , c η , p 0 , β are constants. We take C L ≈ 6.78, c η ≈ 0.40, β ≈ 5.2, and p 0 = 2, as suggested by Pope. 21 In the present paper we focus on the inertial and dissipative range, hence, f L (kL) = 1.
We substitute the energy spectrum of the form Eq. (14) in Eq. (11), which yields
We integrate Eq. (17) from k = k 1 , which is the starting wavenumber of the inertial range.
Assuming that the energy flux at this wavenumber is Π 0 , we obtain
where η is the Kolmogorov length, the dimensionless constant c 3 = (ν 3 /Π 0 η 4 ) 1/3 , and the integrals I 1 and I 2 are
We choose c 3 = 3.1 in order to achieve Π(k) → 0 for kη 1 when N = 0 (isotropic case), and Kolmogorov's constant C = 1.5. We also take
which are the values when g(θ) = const = 1, the isotropic case.
To compare the aforementioned model with simulations, in which we force the wavenumbers 1 ≤ |k| ≤ 3, we assume that the inertial range wavenumber starts at around k 1 = 4 × 2π/L. Therefore, the lower limit of the integral is
Note that the energy flux Π(k) peaks at k = k 1 with value Π 0 . Equation (18) indicates that the second term, which arises due to the Lorentz force, is proportional to N . Hence, the flux decreases significantly as N is increased. The form of Π(k) can be derived in the limiting case ν → 0, for which, in the inertial range
Thus, Π(k) decreases with an increase of N .
We compute the energy spectrum using the aforementioned Π(k):
Thus, our model predicts a variable energy flux and a steeper energy spectrum, yet a power law spectrum. In Sec. III A, we will compare these predictions with numerical results.
For interaction parameter far above unity, the turbulence tends be strongly anisotropic, and the energy spectrum tends to deviate strongly from Eqs. (14) . These features make the above formalism inapplicable to N > 1. Note that for N 1, the energy spectrum is exponential, rather than a power law. 8 It is very difficult and cumbersome to derive a general formalism for an arbitrary N , however, it is quite easy to derive a model for a very large interaction parameter, that will be described in the following subsection.
C. Model B for a very large interaction parameter
In model A described in the earlier subsection, we assume the energy spectrum to be a power law in k (see Eq. (14)). Numerical simulations and experiments show that this approximation is valid only for small and moderate N . For very large N , the increase of the Joule dissipation on all scales causes a rapid decrease of energy flux in the inertial range, resulting in an exponential behavior of energy spectrum. 8 Therefore, for very large N , it is best to take an exponential form for the energy flux, energy spectrum, and dissipation spectrum (k) since they satisfy Eq. (11).
For N 1, we postulate that the energy spectrum and dissipation spectrum (k) follow
where A, P, Q, and b are parameters, and E(k, θ) = E(k)g(θ)/π. An integration of Eq. (26) yields
A comparison of Eq. (26) with Eq. (11) yields
Thus, we show that the exponential energy spectrum and flux are consistent solutions of the variable flux equation (Eq. (11)). In Sec. III B, we verify the above predictions with numerical simulations.
We performed numerical simulations to verify the model predictions described in this section. The simulation details and results will be described in the next section.
III. VALIDATION OF THE MODELS USING NUMERICAL SIMULATIONS
We simulate the quasi-static MHD using pseudo-spectral method. We nondimensionalize Eqs. (2,3) using the characteristic velocity U 0 as the velocity scale, the box dimension L 0 as the length scale, and L 0 /U 0 as the time scale, and obtain
where non-dimensional variables are: order to achieve a steady-state, the velocity field is randomly forced in the wavenumber band 1 ≤ |k| ≤ 3. We simulated quasi-static MHD for interaction parameters N = 0.1, 0.64, and 1.6, belonging to small N regime, and for N = 130 and 220, belonging to the very large N limit.
The final state of a fluid run was used as the initial condition for the above N runs. All the simulations were carried out till a statistical steady state is reached. The interaction parameter N for each run was computed using
were U is the root mean square (rms) of the steady-state velocity, and L is the nondimensional integral length scale at the steady state. The Reynolds number is defined
For further details on numerical simulations, refer to Reddy and Verma.
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We compute the energy spectra and fluxes for N = 0.10, 0.64, 1.6 (small), as well as for N = 130, 220 (large). We compare these numerical results with model predictions.
A. Small interaction parameters
For a small interaction parameter, we compute the model predictions for the normalized energy flux Π(k)/Π 0 and the normalized energy spectrum E(kη)/E(k 1 η) by substituting N in Eqs. (18) and (24) respectively. Since N is small, isotropic energy spectrum or g(θ) = 1 is a good approximation, thus c 1 = 1 and c 2 = 1/2 (see Eqs. (21, 22) ). In Figs. 2 and 3 we plot these quantities. (14) needs to be modified. We attempted several alternatives, e.g., an exponential function, but they appear to perform worse. A comprehensive work in this direction is required for a better agreement in the dissipative regime.
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The energy spectrum shown in Fig. 3 indicates that the energy spectrum gets steepened with the increase of N . The spectral indices for N = 0.10, 0.64 and 1.6 are −1.8, −2.0 and −2.8 respectively, which are steeper that Kolmogorov's −5/3 spectral index for hydrodynamic turbulence. These results are in good agreement with earlier experimental 6,7 and numerical works.
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For interaction parameters far beyond unity, model A is not valid because the energy spectrum tends to be anisotropic, and deviates from power law. In the next subsection, we will employ model B for large N , and compare the model predictions with numerical results.
B. Large interaction parameters
We perform numerical simulations for N = 130 and 220, and compute the energy spectra, dissipation spectra, and fluxes using the steady-state data. These quantities are plotted in We also compute the ring spectrum E(k, θ), from which we compute g(θ) of Eq. (7).
We compute the parameters A, b, P , and Q using the best fit curves for the energy and dissipation spectra. These parameters are listed in Table II . We also compute the constants c 1 and c 2 by substituting these parameter values in the nondimensionalized form of Eqs. (28,29)
and list them in Table II . We observe that c 1 ≈ 1, consistent with Eq. (12), but c 2 differs significantly from 1/2, indicating a strong anisotropy of the flow. We also compute c 2 by substituting numerically computed g(θ) in Eq. (13) . The result, listed in Table II 
IV. CONCLUSIONS
In this paper we present two models for quasi-static MHD. The first model, which is applicable to small interaction parameters N , provides variable energy flux arising due to the Joule dissipation. Consequently, the energy spectrum is steeper than that of Kolmogorov's theory (k −5/3 ). The model predicts that the spectral index decreases with the increase of N . The second model for very large interaction parameters predicts that the energy flux and spectrum are proportional to exp(−bk). The model has several parameters that are determined by the numerical or experimental data.
We validated our model predictions with numerical simulations. We observe that the model results are in good agreement with the numerical results. We compute the parameters of the second model using the numerical data. Our models are also consistent with earlier numerical simulations 8, 14 and experimental results.
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